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ÌÈÍÈÌÈÇÀÖÈß ÑÐÅÄÍÅÃÎ ÐÈÑÊÀ

Îïðåäåëåíèå 1 Ïóñòü íà ìíîæåñòâå ïðèìåðîâ X çàäàí êëàññ

C = {c : X → Y } âîçìîæíûõ çàâèñèìîñòåé è îïðåäåëåí ôóíêöèî-

íàë ñðåäíåãî ðèñêà - êðèòåðèé êà÷åñòâà âûáðàííîé çàâèñèìîñòè

I(c) =
∫
X

Φ(x, c(x))dP (x), (1)

ãäå
∫
. . . dP (x) - íåêîòîðûé èíòåãðàë íà ìíîæåñòâå X. Ôóíêöèÿ Φ :

X×Y → R1 íàçûâàåòñÿ ôóíêöèåé ïîòåðü. Òðåáóåòñÿ íàéòè òàêóþ

çàâèñèìîñòü h ∈ C, ÷òîáû çíà÷åíèå I(h) áûëî ìèíèìàëüíûì.

Ïðèìåð 1 Åñëè X = R1 è
∫
. . . dP (x) =

∫
. . . p(x)dx - èíòåãðàë Ðè-

ìàíà îòíîñèòåëüíî ïëîòíîñòè p(x), òî ïîëó÷àåì çàäà÷ó âàðèàöè-

îííîãî èñ÷èñëåíèÿ.
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ÂÎÑÑÒÀÍÎÂËÅÍÈÅ ÇÀÂÈÑÈÌÎÑÒÅÉ

Îïðåäåëåíèå 2 Åñëè ìåðà P (A) =
∫
A dP (x) íà ìíîæåñòâå X íåèç-

âåñòíà, íî çàäàíà êîíå÷íàÿ îáó÷àþùàÿ âûáîðêà S = {(xj, c(xj)) :
j = 1, . . . ,m} äëÿ ôèêñèðîâàííîé íåèçâåñòíîé çàâèñèìîñòè c ∈ C,
ïðèìåðû x1, . . . , xm ∈ X êîòîðîé ÿâëÿþòñÿ íåçàâèñèìûìè èñõîäà-

ìè ñ ðàñïðåäåëåíèåì P , òî ìèíèìèçàöèÿ ôóíêöèè ïîòåðü Φ ïî

ìåðå P íàçûâàåòñÿ çàäà÷åé âîññòàíîâëåíèÿ çàâèñèìîñòè ïî ýì-

ïèðè÷åñêèì äàííûì.

Óòâåðæäåíèå 1 Ïóñòü X ⊆ [a, b] ⊂ R1, Φ(x, c(x)) = (p(x) − c(x))2

äëÿ íåêîòîðîãî íåèçâåñòíîãî ïîëèíîìà p(x) ñòåïåíè n. Òîãäà

äëÿ ïîëèíîìà Ëàãðàíæà l(x) =
∑

(z,p(z))∈S p(z)

∏
t∈π1S\{z}

(x−t)∏
t∈π1S\{z}

(z−t) èìå-

åì P [I(l) < min{I(p) : p ∈ C}+ ε] ≥ 1− δ äëÿ äîñòàòî÷íî áîëüøîãî
îáúåìà m(ε, δ, n) âûáîðêè S, ãäå C - êëàññ ïîëèíîìîâ.
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ÐÀÑÏÎÇÍÀÂÀÍÈÅ ÎÁÐÀÇÎÂ

Îïðåäåëåíèå 3 Ïóñòü èç ìíîæåñòâà X íåçàâèñèìî èçâëåêàþòñÿ

ïðèìåðû x1, . . . , xm ñîãëàñíî íåèçâåñòíîãî ð.â. P è ó÷èòåëü êëàñ-

ñèôèöèðóåò èõ ñîãëàñíî íåèçâåñòíîé ôóíêöèè óñëîâíîãî ðàñïðå-

äåëåíèÿ P (k|x), k ∈ {0,1}. Ôóíêöèîíàë ñðåäíåãî ðèñêà çàäàåòñÿ

ïðàâèëîì:

I(c) = Σk∈{0,1}

∫
(k − c(x))2P (k|x)dP (x). (2)

Ïî âûáîðêå S = (x1, c(x1)), . . . , (xm, c(xm)) òðåáóåòñÿ íàéòè òàêóþ

çàâèñèìîñòü h : X → {0,1}, h ∈ C, ÷òîáû äëÿ ïðîèçâîëüíî ìà-

ëîé îøèáêè ε ≥ 0 è ïðîèçâîëüíî ìàëîãî δ ≥ 0 äëÿ m ≥ m(ε, δ)

âûïîëíÿëîñü P [I(h) < min{I(c) : c ∈ C}+ ε] ≥ 1− δ.

3



ÐÅÃÐÅÑÑÈß

Îïðåäåëåíèå 4 Ïóñòü èìååòñÿ ñòîõàñòè÷åñêàÿ çàâèñèìîñòü ìåæ-

äó ýëåìåíòàìè ìíîæåñòâà X è ýëåìåíòàìè ìíîæåñòâà Y , çàäàâà-

åìàÿ ôóíêöèåé óñëîâíîãî ðàñïðåäåëåíèÿ P (y|x), x ∈ X. Ðåãðåññèÿ
y íà x - ýòî ôóíêöèÿ: y(x) =

∫
yP (y|x)dy.

Çàäà÷à 1 Äîêàçàòü, ÷òî äëÿ ðåãðåññèè y(x) èìååì∫
(y − y(x))P (y|x)dy = 0. (3)
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ÂÎÑÑÒÀÍÎÂËÅÍÈÅ ÐÅÃÐÅÑÑÈÈ

Îïðåäåëåíèå 5 Ïóñòü èç ìíîæåñòâà X íåçàâèñèìî èçâëåêàþòñÿ

ïðèìåðû x1, . . . , xm ñîãëàñíî íåèçâåñòíîãî ð.â. P è cîãëàñíî óñëîâ-

íûì ðàñïðåäåëåíèÿì P (y|xj) ñëó÷àéíûì îáðàçîì âûáèðàþòñÿ yj.
Ïî âûáîðêå S = {(x1, y1), . . . , (xm, ym)} òðåáóåòñÿ íàéòè òàêóþ çà-

âèñèìîñòü h : X → Y , ÷òîáû çíà÷åíèå

I(h) =
∫∫

(y − h(x))2P (y|x)dydP (x). (4)

áûëî ìèíèìàëüíûì. Ýòà çàäà÷à íàçûâàåòñÿ çàäà÷åé âîññòàíîâ-

ëåíèÿ ðåãðåññèè.

Çàäà÷à 2 Äîêàçàòü, ÷òî∫∫
(y − h(x))2P (y|x)dydP (x) =

∫∫
(y − y(x))2P (y|x)dydP (x)

+
∫∫

(y(x)− h(x))2P (y|x)dydP (x)
(5)
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ÑËÓ×ÀÉÍÛÅ ÔÓÍÊÖÈÈ

Îïðåäåëåíèå 6 Ñëó÷àéíîé ôóíêöèåé ñî çíà÷åíèÿìè â èçìåðè-

ìîì ïðîñòðàíñòâå (E,B) íàçûâàþò òàêóþ ôóíêöèþ X : T×Ω→ E,

÷òî äëÿ êàæäîãî t ∈ T Xt = X(t, ·) : Ω → E ÿâëÿåòñÿ èçìåðèìûì

îòîáðàæåíèåì (Ω,F) â (E,B), ò.å. ∀A[A ∈ B ⇒ X−1
t (A) ∈ F].

Îïðåäåëåíèå 7 Ðåàëèçàöèåé ñ.ô. X : T × Ω → E íàçûâàåòñÿ

ôóíêöèÿ X(·, ω) : T → E ïðè ôèêñèðîâàííîì ω ∈ Ω. Îáû÷íî ðåà-

ëèçàöèÿ îáîçíà÷àåòñÿ ÷åðåç x(t).

Îïðåäåëåíèå 8 Ñëó÷àéíûì ïðîöåññîì ñ ôàçîâûì ïðîñòðàíñòâîì

(E,B) íàçûâàþò ñ.ô. X : T×Ω→ E, ãäå T = R1, èëè T = [a, b] ⊂ R1.
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ÑËÓ×ÀÉÍÛÅ ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ

Îïðåäåëåíèå 9 Ñëó÷àéíîé ïîñëåäîâàòåëüíîñòüþ ýëåìåíòîâ èç-

ìåðèìîãî ïðîñòðàíñòâà (E,B) íàçûâàþò ñ.ô. X : T ×Ω → E, ãäå

T = Z, èëè T = N , èëè T = {1, . . . ,m}.

Ïðèìåð 2 Åñëè X1, . . . , Xm - íàáîð äåéñòâèòåëüíûõ ñ.â., òî ôóíê-

öèÿ X : {1, . . . ,m} × Ω → R1, îïðåäåëåííàÿ ïðàâèëîì X(n, ω) =

Xn(ω), ÿâëÿåòñÿ ñëó÷àéíîé ïîñëåäîâàòåëüíîñòüþ.

Çàäà÷à 3 Êàêîå ñâîéñòâî Rm ïîçâîëÿåò óòâåðæäàòü, ÷òî íàáîð

ñ.â. X1, . . . , Xm : Ω → R1 çàäàåò ñëó÷àéíûé âåêòîð ~X : Ω → Rm -

ðåàëèçàöèþ ñ.ï. èç ïðåäûäóùåãî ïðèìåðà?
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ÖÅÏÈ ÌÀÐÊÎÂÀ

Ðàññìîòðèì ñ÷åòíîå ôàçîâîå ïðîñòðàíñòâî E, êîòîðîå îòîæäå-

ñòâèì ñ N èëè ñ {0, . . . , r}. Ïóñòü B - áóëåàí âñåõ ïîäìíîæåñòâ E.
Ýòî - äèñêðåòíîå ïðîñòðàíñòâî ñ ìåòðèêîé ρ(i, j) = 1 ïðè i 6= j è

ρ(j, j) = 0.

Îïðåäåëåíèå 10 Öåïü Ìàðêîâà - ýòî òàêàÿ ñ.ô. X : T ×Ω → E,

÷òî äëÿ ëþáîãî m ≥ 1, âñåõ òî÷åê s1 < . . . < sm < s ≤ t è ëþáûõ

i, j, i1, . . . , im ∈ E âûïîëíåíî

P (Xt = j|Xs1 = i1, . . . , Xsm = im, Xs = i) = P (Xt = j|Xs = i). (6)
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ÏÅÐÅÕÎÄÍÛÅ ÂÅÐÎßÒÍÎÑÒÈ

Îïðåäåëåíèå 11 Ïåðåõîäíûìè âåðîÿòíîñòÿìè öåïè Ìàðêîâà íà-

çûâàþòñÿ ôóíêöèè pij(s, t) = P (Xt = j|Xs = i), ãäå s ≤ t, (s, t ∈ T )

è ëþáûõ i, j ∈ E.

Çàäà÷à 4 Ïðîâåðèòü, ÷òî

pij(s, t) ≥ 0 äëÿ ëþáûõ s ≤ t è ëþáûõ i, j ∈ E.∑
j∈E

pij(s, t) = 1 äëÿ ëþáûõ s ≤ t è ëþáîãî i ∈ E.

pij(s, s) = δij äëÿ ëþáûõ s ∈ T è ëþáûõ i, j ∈ E

Çàäà÷à 5 (óðàâíåíèå Ìàðêîâà-Êîëìîãîðîâà) Äîêàçàòü, ÷òî äëÿ

s ≤ u ≤ t è ëþáûõ i, j ∈ E

pij(s, t) =
∑
k∈E

pik(s, u)pkj(u, t) (7)
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ÊÎÍÅ×ÍÎÌÅÐÍÛÅ ÐÀÑÏÐÅÄÅËÅÍÈß

Îïðåäåëåíèå 12 Äëÿ ëþáûõ t1, . . . , tm ∈ T ðàñïðåäåëåíèå ñ.â.

(X(t1, ·), . . . , X(tm, ·) : Ω → Rm íàçûâàåòñÿêîíå÷íîìåðíûì ðàñïðå-

äåëåíèåì ñëó÷àéíîé ôóíêöèè X : T ×Ω→ E.

Îïðåäåëåíèå 13 Íà÷àëüíûì ðàñïðåäåëåíèåì öåïè Ìàðêîâà íà-

çûâàåòñÿ ðàñïðåäåëåíèå ñ.â.X(0, ·) : Ω→ R1. Ýòî - íàáîð íåîòðè-

öàòåëüíûõ ÷èñåë pi(0) = P (X0 = i), â ñóììå äàþùèõ 1.

Òåîðåìà 2 Êîíå÷íîìåðíûå ðàñïðåäåëåíèÿ öåïè Ìàðêîâà îä-

íîçíà÷íî îïðåäåëÿþòñÿ íà÷àëüíûì ðàñïðåäåëåíèåì è ïåðå-

õîäíûìè âåðîÿòíîñòÿìè:

P [(Xt1, . . . , Xtm) ∈ B] =

=
∑

(j1,...,jm)∈B

∑
i

pi(0)pij1(0, t1) · · · pjm−1jm(tm−1, tm). (8)
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ÎÄÍÎÐÎÄÍÛÅ ÖÅÏÈ ÌÀÐÊÎÂÀ

Îïðåäåëåíèå 14 Öåïü Ìàðêîâà íàçûâàåòñÿ îäíîðîäíîé, åñëè äëÿ

âñåõ t ∈ T âûïîëíåíî pij(t, t+ s) = pij(0, s) = pij(s).

Çàäà÷à 6 Äîêàçàòü, ÷òî äëÿ s, t ∈ T è ëþáûõ i, j ∈ E

pij(s+ t) =
∑
k∈E

pik(s)pkj(t) (9)

Òåîðåìà 3 (ýðãîäè÷åñêàÿ) Ïóñòü äëÿ îäíîðîäíîé öåïè Ìàð-

êîâà X = {Xt, t ≥ 0} ñóùåñòâóþò òàêèå j0 ∈ E, h > 0 è 0 < δ ≤ 1,
÷òî pij0(h) ≥ δ ïðè âñåõ i ∈ E.
Òîãäà äëÿ ëþáîãî j ∈ E ñóùåñòâóåò íåçàâèñÿùèé îò íà÷àëü-

íîãî ñîñòîÿíèÿ i ∈ E ïðåäåë lim
t→∞

pij(t) = p̃j, ïðè÷åì äëÿ âñåõ

t > 0 ∣∣∣pij(t)− p̃j∣∣∣ ≤ (1− δ)[t/h] (10)
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ÑËÅÄÑÒÂÈß ÝÐÃÎÄÈ×ÅÑÊÎÉ ÒÅÎÐÅÌÛ

Ñëåäñòâèå 1 Â óñëîâèÿõ ýðãîäè÷åñêîé òåîðåìû äëÿ ëþáîãî j ∈
E èìååì lim

t→∞
pj(t) = p̃j, ãäå pj(t) = P (Xt = j) ñ îöåíêîé ñêîðîñòè

ñõîäèìîñòè ∣∣∣pj(t)− p̃j∣∣∣ ≤ (1− δ)[t/h] (11)

Ñëåäñòâèå 2 Â óñëîâèÿõ ýðãîäè÷åñêîé òåîðåìû äëÿ ëþáûõ t ∈ T
è j ∈ E èìååì

p̃j =
∑
i

p̃ipij(t). (12)

Ñëåäñòâèå 3 Â óñëîâèÿõ ýðãîäè÷åñêîé òåîðåìû ëèáî
∑
j
p̃j = 1,

ëèáî âñå pj = 0.
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ÑÒÀÖÈÎÍÀÐÍÛÅ ÏÐÎÖÅÑÑÛ

Îïðåäåëåíèå 15 Ñëó÷àéíûé ïðîöåññ X íàçûâàåòñÿ ñòàöèîíàð-

íûì â ñòðîãîì ñìûñëå, åñëè äëÿ ëþáûõ h, t1, . . . , tm ∈ T âåðíî

P [(Xt1, . . . , Xtm) ∈ B] = P [(Xt1+h, . . . , Xtm+h) ∈ B].

Òåîðåìà 4 Ïóñòü îäíîðîäíàÿ öåïü Ìàðêîâà X = {Xt, t ≥ 0} ñ
ïåðåõîäíûìè âåðîÿòíîñòÿìè pij(s, t) = P (Xt = j|Xs = i) èìååò

ñòàöèîíàðíîå ð.â. p̃j : j ∈ E.
Òîãäà öåïü Ìàðêîâà Y = {Yt, t ≥ 0} ñ P (Yt = j|Ys = i) = pij(s, t)

è íà÷àëüíûì ðàñïðåäåëåíèåì p̃j : j ∈ E ÿâëÿåòñÿ ñòàöèîíàð-

íûì ïðîöåññîì.

13



ÂÅÐÎßÒÍÎÑÒÍÛÅ ÀÂÒÎÌÀÒÛ

Îïðåäåëåíèå 16 Âåðîÿòíîñòíûé àâòîìàò (ÂÀ) M - ýòî îáúåêò

(Q,Σ, τ, γ, π), ãäå
Q - êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé, Σ - êîíå÷íûé àëôàâèò,

τ : Q×Σ→ Q - ôóíêöèÿ (äåòåðìèíèðîâàííûõ) ïåðåõîäîâ,

π : Q→ [0,1] - íà÷àëüíîå ðàñïðåäåëåíèå:
∑
q∈Q π(q) = 1 ,

γ : Q×Σ→ [0,1] - ðàñïðåäåëåíèå ñëåäóþùåãî ñèìâîëà â òåêóùåì
ñîñòîÿíèè:

∑
σ∈Σ γ(q, σ) = 1 äëÿ êàæäîãî q ∈ Q.

Çàäà÷à 7 Äîêàçàòü, ÷òî âåðîÿòíîñòü òîãî, ÷òî M ïîðîäèò ñòðî-

êó σ1, . . . , σl ðàâíà:

PM(σ1, . . . , σl) =
∑
q0∈Q

π(q0)
l∏

i=1

γ(qi−1, σi), (13)

ãäå qi = τ(qi−1, σi)
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ÑÓÔÔÈÊÑÍÛÅ ÂÅÐÎßÒÍÎÑÒÍÛÅ ÀÂÒÎÌÀÒÛ

Îïðåäåëåíèå 17 Ñóôôèêñàìè ñòðîêè s = σ1, . . . , σl íàçûâàþòñÿ

ñòðîêè σk, . . . , σl äëÿ 1 ≤ k ≤ l è ïóñòàÿ ñòðîêà λ. Ìíîæåñòâî âñåõ

ñóôôèêñîâ ñòðîêè s îáîçíà÷àåòñÿ Suffix∗(s). Ìíîæåñòâî S ñòðîê
íàçûâàåòñÿ áåçñóôôèêñíûì, åñëè ∀s ∈ S, Suffix∗(s) ∩ S = {s}.

Îïðåäåëåíèå 18 Cóôôèêñíûé ÂÀ M - ýòî òàêîé ÂÀ, ÷òî Q ⊂ Σ∗

- áåçñóôôèêñíîå ìíîæåñòâî ñòðîê, è τ(s, σ) - ñóôôèêñ s · σ äëÿ

ëþáîãî ñîñòîÿíèÿ s ∈ Q è ëþáîãî ñèìâîëà σ ∈ Σ.

Ïðèìåð 3 Ïóñòü Σ = {0,1}, Q = {1,00,10}, π(1) = 0.5, π(00) =

0.25, π(10) = 0.25, τ(1,0) = 0.5, γ(1,0) = 10, τ(1,1) = 0.5, γ(1,1) =

1, τ(00,0) = 0.75, γ(00,0) = 00, τ(00,1) = 0.25, γ(00,1) = 1,

τ(10,0) = 0.25, γ(10,0) = 00, τ(10,1) = 0.75, γ(10,1) = 1.
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ÑÓÔÔÈÊÑÍÛÅ ÄÅÐÅÂÜß ÏÐÅÄÑÊÀÇÀÍÈß

Îïðåäåëåíèå 19 Ñóôôèêñíîå äåðåâî ïðåäñêàçàíèÿ (ÑÄÏ) R -

äåðåâî ñòåïåíè |Σ|. Äëÿ êàæäîãî σ ∈ Σ èç êàæäîé âíóòðåííåé âåð-

øèíû âûõîäèò îäíî ðåáðî, ïîìå÷åííîå ýòèì ñèìâîëîì σ. Êàæäàÿ

âåðøèíà ïîìå÷åíà ïàðîé (s, γs), ãäå s - ñòðîêà, ñîîòâåòñòâóþùàÿ

ïóòè îò äàííîé âåðøèíû ê êîðíþ äåðåâà, à γs : Σ → [0,1] - ð.â.

ñëåäóþùåãî ñèìâîëà:
∑
σ∈Σ γs(σ) = 1.

Ïðèìåð 4 Ïóñòü Σ = {0,1}, R = {λ,0,00,10,1}, γλ(0) = 0.5,

γλ(1) = 0.5, γ0(0) = 0.5, γ0(1) = 0.5, γ00(0) = 0.75, γ00(1) = 0.25,

γ10(0) = 0.25, γ10(1) = 0.75, γ1(0) = 0.5, γ1(1) = 0.5.
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ÐÀÑÏÐÅÄÅËÅÍÈÅ ÑÒÐÎÊ, ÏÎÐÎÆÄÀÅÌÛÅ ÑÄÏ

Îïðåäåëåíèå 20 Ïîëîæèì q0 = λ è sj - ñòðîêà, ñîîòâåòñòâóþ-

øàÿ âåðøèíå ïðè ïðîõîäå èç êîðíÿ ïî ïîñëåäîâàòåëüíîñòè σjσj−q
äëÿ 1 ≤ j < l Äîêàçàòü, ÷òî âåðîÿòíîñòü òîãî, ÷òî R ïîðîäèò

ñòðîêó σ1, . . . , σl ðàâíà:

PR(σ1, . . . , σl) =
l∏

i=1

γqi−1(σi). (14)

ãäå qi = τ(qi−1, σi)

Çàäà÷à 8 Äîêàçàòü, ÷òî ðàñïðåäåëåíèÿ íà ñòðîêàõ, ïîðîæäàå-

ìûå ÑÂÀ è ÑÄÏ èç ïðåäûäóùèõ ïðèìåðîâ, ñîâïàäàþò.
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ÏÐÈÌÅÐÛ ÎÁÓ×ÅÍÈß

Ì.Â.ÅÃÎÐÎÂÀ (ÐÃÃÓ, 2006): ßïîíñêèå ñâå÷è íà åæåäíåâíûõ öå-

íàõ àêöèé ÐÒÑ

Ì.À.ØÀÐÌÀÍÎÂÀ (ÐÃÃÓ, 2007): Äèàãðàììû
”
êðåñòèêè-íîëèêè“

íà åæåäíåâíûõ öåíàõ àêöèé ÐÒÑ
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ÍÎÐÌÀËÜÍÛÅ ÑËÓ×ÀÉÍÛÅ ÂÅËÈ×ÈÍÛ

Îïðåäåëåíèå 21 (µ ,σ2)-íîðìàëüíàÿ ñëó÷àéíàÿ âåëè÷èíà - ýòî

ñ.â. ñ ïëîòíîñòüþ fµ,σ2(x) = e−(x−µ)2/2σ2
√

2πσ
.

Óòâåðæäåíèå 5 ×èñëî µ ÿâëÿåòñÿ ìàòåìàòè÷åñêèì îæèäàíèåì

E(X), à ÷èñëî σ2 - äèñïåðñèåé D(X).

Çàäà÷à 9 Ïðîâåðèòü, ÷òî ãðàôèê y = fµ,σ2(x) èìååò ìàêñèìóì â

òî÷êå µ, à òî÷êè ïåðåãèáà â µ− σ è µ+ σ.

Óòâåðæäåíèå 6 Åñëè X1 è X2 - íåçàâèñèìûå (µ1 ,σ
2
1)- è (µ2 ,σ

2
2)-

íîðìàëüíûå ñ.â., òî X1 +X2 - (µ1 + µ2 ,σ2
1 + σ2

2)-íîðìàëüíàÿ ñ.â.
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ËÎÃÍÎÐÌÀËÜÍÛÅ Ñ.Â.

Îïðåäåëåíèå 22 Åñëè X - (µ ,σ2)-íîðìàëüíàÿ ñ.â., òî Z = exp(X)

íàçûâàåòñÿ (µ ,σ2)-ëîãíîðìàëüíîé ñ.â. Îíà ïðèíèìàåò òîëüêî ïî-

ëîæèòåëüíûå çíà÷åíèÿ.

Çàäà÷à 10 (µ ,σ2)-ëîãíîðìàëüíàÿ ñ.â. Z èìååò ïëîòíîñòü fZ
µ,σ2(z) =

e−(ln(z)−µ)2/2σ2
√

2πσz
äëÿ z ∈ (0,∞).

Óòâåðæäåíèå 7 (µ ,σ2)-ëîãíîðìàëüíàÿ ñ.â. Z èìååò E(X) = eµ+σ2/2

è D(X) = e2µ+σ2
(eσ

2 − 1).
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ÖÅÍÒÐÀËÜÍÀß ÏÐÅÄÅËÜÍÀß ÒÅÎÐÅÌÀ

Òåîðåìà 8 Ïóñòü X1, . . ., Xn, . . . - í.î.ð. ñ.â. ñ E(Xj) = µ,

D(Xj) = σ2 > 0. Ïîëîæèì Sn = X1+ . . .+ Xn. Òîãäà äëÿ âñåõ

−∞ < a < b <∞

lim
n→∞P

(
a 6

Sn − nµ√
nσ

6 b

)
=
∫ b
a

e−x
2/2

√
2π

dx. (15)
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ÎÏÐÅÄÅËÅÍÈÅ ÂÈÍÅÐÎÂÑÊÎÃÎ ÏÐÎÖÅÑÑÀ

Îïðåäåëåíèå 23 Ñëó÷àéíûé ïðîöåññ W = {W (t), t ≥ 0} íàçûâà-
åòñÿ âèíåðîâñêèì ïðîöåññîì, åñëè

W (0) = 0 ïî÷òè íàâåðíîå.

W (t0),W (t1) −W (t0), . . . ,W (tn) −W (tn−1) íåçàâèñèìû äëÿ ëþáûõ

0 = t0 < t1 < . . . < tn.

W (t)−W (s) - (0, t− s)-íîðìàëüíàÿ ñ.â.

W (t) - íåïðåðûâíàÿ ôóíêöèÿ ïî÷òè íàâåðíîå.

Çàäà÷à 11 Äîêàçàòü, ÷òî cov(W (s),W (t)) = min{s, t}.
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ÔÓÍÊÖÈÈ ÕÀÀÐÀ

Îïðåäåëåíèå 24 Ôóíêöèè Õààðà Hk(t), t ∈ [0,1], k = 1,2, . . . îïðå-

äåëÿþòñÿ òàê:

H1(t) ≡ 1, H2(t) = 1[0,1/2](t)− 1(1/2,1](t).

Hk(t) = 2n/2(1In,k(t)− 1Jn,k(t)) äëÿ 2n < k ≤< 2n+1,

ãäå In,k = [an,k, an,k + 2−n−1], In,k = (an,k + 2−n−1, an,k + 2−n],

an,k = 2−n(k − 2n − 1), (n ∈ N).

Çàäà÷à 12 Äîêàçàòü, ÷òî ñèñòåìà ôóíêöèé Õààðà - îðòîíîðìè-

ðîâàíà îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ L2[0,1]:

〈f, g〉 =
∫ 1

0
f(t)g(t)dt (16)

23



ÏÎËÍÎÒÀ ÑÈÑÒÅÌÛ ÕÀÀÐÀ

Óòâåðæäåíèå 9 Ñèñòåìà Õààðà Hk(t), t ∈ [0,1], k = 1,2, . . . ïîëíà

â L2[0,1], ò.å. äëÿ ëþáîé ôóíêöèè f

f =
∞∑
k=1

〈f,Hk〉Hk (17)

Çàäà÷à 13 Äîêàçàòü ðàâåíñòâî Ïàðñåâàëÿ:

〈f, g〉 =
∞∑
k=1

〈f,Hk〉 〈Hk, g〉 . (18)
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ËÅÌÌÀ Î ÐßÄÀÕ ØÀÓÄÅÐÀ

Îïðåäåëåíèå 25 Ôóíêöèè Øàóäåðà Sk(t), t ∈ [0,1], k = 1,2, . . . -

ýòî ïåðâîîáðàçíàÿ ôóíêöèé Õààðà Sk(t) =
∫ t
0Hk(y)dy.

Ëåììà 1 Ïóñòü ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {ak} òàêîâà, ÷òî
ak = O(kε) ïðè k →∞ äëÿ íåêîòîðîãî ε < 1/2. Òîãäà ðÿä

∞∑
k=1

akSk(t)

ñõîäèòñÿ ðàâíîìåðíî íà [0,1] è, ñëåäîâàòåëüíî, çàäàåò íåïðåðûâ-

íóþ íà [0,1] ôóíêöèþ.
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ÏÎÑÒÐÎÅÍÈÅ ÂÈÍÅÐÎÂÑÊÎÃÎ ÏÐÎÖÅÑÑÀ

Òåîðåìà 10 Ïóñòü {ζk} - ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ

(0,1)-íîðìàëüíûõ ñ.â. Ïîëîæèì äëÿ t ∈ [0,1]

W (t) =
∞∑
k=1

ζkSk(t). (19)

Òîãäà W = {W (t), t ≥ 0} - âèíåðîâñêèé ïðîöåññ íà [0,1].

Òåîðåìà 11 Ïóñòü {Wk} - ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ
ñëó÷àéíûõ ôóíêöèé [0,1]. Ïîëîæèì äëÿ t ∈ [0,∞)

W (t) =


W1(t) t ∈ [0,1)

k∑
j=1

Wj(1) +Wk+1(t− k) t ∈ [k, k + 1)
(20)

Òîãäà W - âèíåðîâñêèé ïðîöåññ íà [0,∞).
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ÂÑÏËÅÑÊÈ - ÂÅÉÂËÅÒÛ

Îïðåäåëåíèå 26 Âñïëåñêîì íàçûâàþò ôóíêöèþ ψ : R→ C, óäî-

âëåòâîðÿþùóþ óñëîâèÿì:

ψ ∈ L2, t · ψ(t) ∈ L1, ‖ψ‖ = 1,

∞∫
−∞

ψ(t)dt = 0 (21)

Ïðèìåð 5 H2(t) = 1[0,1/2](t)− 1(1/2,1](t) - âñïëåñê Õààðà
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ÐÀÇËÎÆÅÍÈÅ ÏÎ ÂÑÏËÅÑÊÀÌ

Îïðåäåëåíèå 27 Äëÿ ôèêñèðîâàííîãî âñïëåñêà ψ : R→ C êîýô-

ôèöèåíòû ðàçëîæåíèÿ îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

Wf(a, b) =
1

|a|1/2

∫
f(t)ψ

(
t− b
a

)
dt (22)

Çàäà÷à 14 Äîêàçàòü, ÷òî äëÿ âñïëåñêà Õààðà:

Wf(a, b) =
|a|1/2

2

2

a

b+a/2∫
b

f(t)dt−
2

a

b+a∫
b+a/2

f(t)dt

 (23)
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ÔÎÐÌÓËÛ ÎÁÐÀÙÅÍÈß

Òåîðåìà 12 Ïóñòü x - òî÷êà íåïðåðûâíîñòè ôóíêöèè f. Òî-

ãäà âåðíà ôîðìóëà îáðàùåíèÿ:

f(x) =
1

Cψ

∫∫
Wf(a, b)

ψ
(
t−b
a

)
|a|1/2

da · db
|a|2

, (24)

ãäå êîíñòàíòà Cψ çàâèñèò òîëüêî îò âñïëåñêà ψ.
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